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Abstract
A new proof will be given for the following result originally stated in (Rend. Cl. Sci. Fis. Mat.
Natur. (8) 56 (1974) 541): Let K be a complete k-arc in PG(2; q), q odd, containing (q+ 3)=2
points from an irreducible conic C of PG(2; q). If (q+1)=2 is a prime, then K contains at most
four points outside C. If q2 ≡ 1 (mod 16), then this number can be at most two.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
By a result going back to Segre [7] and Lombardo Radice [4], the maximum number
of points shared by an irreducible conic C and a k-arc K*C in PG(2; q) is (q+3)=2
for q odd, and (q+2)=2 for q even. If the maximum is attained, then K only contains
a few points outside C. This was showed in two long papers by Pellegrino [5,6] who
mostly used synthetic arguments related to certain axial correspondences. In this paper,
we present a diAerent approach based on polynomials and linear collineations. By using
this approach, we obtain a new proof of the following result [3, Teorema 3.1].
Theorem 1.1. In PG(2; q), with (q+1)=2 an odd prime, every k-arc sharing (q+3)=2
points with a conic contains at most four points outside the conic. This number is
reduced to two, when, in addition, q2≡ 1 (mod 16) is assumed.
It has been proved in [3] that certain sets U consisting of (q+3)=2 points on a conic
C can be extended to a (q+ 7)=2-arc by adding two points P;Q outside C. Also, the
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case q=13 has been thoroughly investigated in [1] and complete 11-arcs have been
constructed. This shows that the last claim in Theorem 1.1 does not extend to the case
q2 ≡ 1 (mod 16).
2. k-arcs sharing (q + 3)=2 points with an irreducible conic in PG(2; q)
Let C be an irreducible conic in PG(2; q). Assume that a (q+7)=2-arc K intersects
C in (q+3)=2 points, set U=K∩C, and let P;Q denote the points of K outside C.
Lemma 2.1. Both P and Q are external points to C and the line joining P and Q is
an external line to C.
Proof. If one of the points in K\U, say P, is internal to C then any line through
P is a 2-secant of C. Since |C\U|=(q − 1)=2, there is at least one line through P
intersecting U (and hence K) in two points, a contradiction.
Every line through P and a point on U either meets C in another point outside U,
or it is tangent to C. This means that if PQ was not external to C, then it would
contain three points of K, a contradiction.
Henceforth we consider the aGne plane AG(2; q) whose inHnite line ‘ is the line
joining P and Q. We Hx a non-square element s∈GF(q) and identify the point P(
; )
of AG(2; q) with the element z= 
 + , 2 = s, of the quadratic extension GF(q2)
of GF(q) with respect to the irreducible polynomial X 2 − s. Note that three points
in AG(2; q) are collinear if and only if the corresponding elements x; y; z ∈GF(q2)
satisfy (x − y)q−1 = (x − z)q−1. Since (
 + )q= 
 − , the points P(
; ) with
zq+1 = (
 + )q+1 =1 form the irreducible elliptic conic with equation X 2 − sY 2 = 1
which may be assumed to be C. It is easy to prove that the tangent to C at a point
P(
; )∈C is parallel to the line through the points O(0; 0) and Q(; ) with = s
and = 
. Rephrasing in terms of GF(q2), the tangent to C at the point z= 
+  is
parallel to the line through the points O and s+ 
= (+ 
)= z.
In the remaining part of this section we assume that C is the conic whose aGne
points satisfy the equation
X q+1 =1 (1)
in GF(q2), P is the ideal point of the line {P(0; ) | ∈GF(q)} and Q is another point
on the ideal line such that Q is external to C. Then
U= {1; : : : ; (q−5)=2; (q−3)=2 = t; (q−1)=2 = − t; (q+1)=2 = 1; (q+3)=2 = − 1};
where 1;−1 are the common points of C and its tangents through P and t;−t the
common points of C and its tangents through Q.
Lemma 2.2. For every i; j ∈U, i = j, we have t2 = ij.
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Proof. Firstly, we show that for every i; j ∈U the line through i and j is parallel
to the tangent to C at t if and only if t2 = ij. The condition of parallelism between
the tangent to C at t and the line through i, j can be expressed by
t= (i − j) (2)
with ∈GF(q), that is
qtq= (qi − qj ): (3)
Condition (3), together with t q+1 = q+1i = 
q+1
j =1, yields
q
t
= 
(
1
i
− 1
j
)
= − 
(
i − j
ij
)
(4)
and dividing (2) by (4) we obtain
1−qt2 =
1
q−1
t2 = − ij:
Since q−1 = (2)(q−1)=2 = s(q−1)=2 = − 1, the claim follows. The converse is proved in
a similar way.
Now, if the line ‘ through i and j was parallel to the tangent to C at t, then
Q∈ ‘, hence, ‘ would be a line containing three points of K, a contradiction. This
implies that t2 =; ij.
DeHne the following polynomials associated to U
f(Z) :=
(q+3)=2∏
i=1
(Z − i);
g(Z) :=
(q+3)=2∏
i=1
(Z − qi );
h(Z) :=
(q+3)=2∏
i=1
(Z − t2qi ):
Lemma 2.3.
f(Z)g(Z)= (Z − 1)(Z + 1)(Z q+1 − 1);
f(Z)h(Z)= (Z − t)(Z + t)(Z q+1 − 1):
(5)
Proof. The polynomial f(Z)g(Z) factorizes as (Z − 1)2(Z + 1)2(Z − 1)(Z − 2) · · ·
(Z−(q−1)=2)(Z−q2) · · · (Z−q(q−1)=2). Apart from (Z−1)(Z+1), the remaining linear
factors are exactly those of the polynomial Z q+1 − 1 over GF(q2).
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The polynomial f(Z)h(Z) factorizes as (Z − 1) · · · (Z − (q−5)=2)(Z − t)(Z + t)
(Z − 1)(Z + 1)(Z − t2q1) · · · (Z − t2q(q−1)=2)(Z − t2)(Z + t2).
By Lemma 2.2, the points 1; : : : ; (q+3)=2, t2
q
1; : : : ; t
2q(q−5)=2; t
2;−t2 are all the q+1
points of C. Apart from (Z − t)(Z + t), the remaining linear factors are all those of
Z q+1 − 1 over GF(q2).
Proposition 2.4. Assume that (q + 1)=2 is an odd prime and let L be the pole of
the line ‘ through P and Q with respect to the polarity associated to C. Then the
involutorial homology L with centre L and axis ‘ preserving C leaves K invariant.
Proof. We have to show that for every ∈U, f()=f(−). Since t ∈C, then t q+1 =1
and hence
h(Z) = (t2)(q+3)=2
(q+3)=2∏
i=1
(Z=t2 − qi )
= t q+3g(Z=t2)= t2g(Z=t2): (6)
Substituting Z=t2 → Y we get
f(Yt2)t2g(Y ) = (Y 2t4 − t2)((Yt2)q+1 − 1)
= t2(Y 2t2 − 1)(Y q+1 − 1):
Since Z is an indeterminate, using (6) we can also write
f(Zt2)g(Z)= (Z2t2 − 1)(Z q+1 − 1): (7)
Dividing (7) by (5) we get
f(Zt2)(Z2 − 1)=f(Z)(Z2t2 − 1): (8)
Now, since f is a polynomial, we can rewrite (8) as follows:
( (q+3)=2∑
i=0
ai(Zt2)i
)
(Z2 − 1)=
( (q+3)=2∑
i=0
aiZi
)
(Z2t2 − 1);
that is,
(q+3)=2∑
i=0
aiZi+2(t2i − t2) =
(q+3)=2∑
i=0
aiZi(t2i − 1)
= a1Z(t2 − 1) +
(q−1)=2∑
i=0
ai+2Zi+2(t2i+4 − 1):
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On the other hand
(q+3)=2∑
i=0
aiZi+2(t2i − t2) =
(q−1)=2∑
i=0
aiZi+2(t2i − t2) + a(q+1)=2Z (q+5)=2
(t q+1 − t2) + a(q+3)=2Z (q+7)=2(t q+3 − t2);
which yields
a1Z(t2 − 1) +
(q−1)=2∑
i=0
(ai+2(t2i+4 − 1)− ai(t2i − t2))Zi+2
+ a(q+1)=2Z (q+5)=2(1− t2)= 0: (9)
Equality (9) gives the following conditions:
a1 = a(q+1)=2 = 0;
ai+2(t2i+4 − 1)= ai(t2i − t2); i=0; 1; : : : ; (q− 1)=2:
(10)
We observe that for every i=1; : : : ; (q−3)=2 the condition t2i+4 =1 holds if and only if
ordGF(q)∗ t divides 2i+4. Since t has order either (q+1)=2 or q+1 and we assumed that
(q+1)=2 is an odd prime, then 2i+4 =(q+1)=2 and t2i+4 =1 only when i=(q−3)=2.
Hence, for every odd i ¡ (q − 3)=2 the coeGcients ai in
∑(q+3)=2
i=0 aiZ
i are zero and
a(q−3)=2 = 0 follows from (10). This implies that f(Z)=f(−Z) for every Z in U.
3. Linear collineation groups #xing a conic in PG(2; q), q odd
Chapter II.7 in [2] is a good account of fundamental properties of linear collineations
Hxing an irreducible conic C in PG(2; q). Here, we deal with the case where q=ph
and p¿2 is a prime. By [2, Lemma 2.39], every point P not on C is the center of a
unique involutory homology Hxing C, and the full linear collineation group G Hxing C
is isomorphic to PGL(2; q) in such a way that G acts on the points of C as PGL(2; q)
in its natural sharply 3-transitive permutation representation. Some of the subgroups of
PGL(2; q) turn out to be stabilizers of points in PG(2; q). More precisely, we have the
following subgroups:
(1) For any point A∈C, the stabilizer GA has order q(q − 1) and contains exactly q
involutory homologies. The centers of these homologies are precisely the points of
the tangent to C at A diAerent from A.
(2) For any internal point C to C, the stabilizer of GC is a dihedral group of order
2(q+ 1). The center of the unique involutory homology in Z(GC) is C, while the
centers of the q+1 involutory homologies in GC\Z(GC) are the points of the polar
line c.
(3) For any external point B to C, the stabilizer GB is a dihedral group of order
2(q− 1). The center of the unique involutory homology in Z(GB) is B, while the
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centers of the q−1 involutory homologies in GB\Z(GB) are the points of the polar
line b of B with the exception of the two common points of b with C.
(4) For r|h, the stabilizer of a proper subplane PG(2; pr) meeting C in a conic D of
PG(2; pr) is isomorphic to PGL(2; pr).
According to the classiHcation of subgroups of PGL(2; q) going back to Dickson,
see [8], PGL(2; q) also contains subgroups Hxing no point, line or subplane. These
subgroups are
(5) Alt4.
(6) Sym4.
(7) Alt5 for q2≡ 1 (mod 10).
Note that some of the above subgroups belong to PSL(2; q). A useful criterion in
our context depends on the fact that a linear collineation Hxing C induces on C an
even permutation if and only if it belongs to PSL(2; q). In particular, the subgroup
Sym4 is in PSL(2; q) only for q
2≡ 1 (mod 16). This result will be used in the proof of
Theorem 1.1.
4. Proof of the main theorem
Let C be an irreducible conic and K a k-arc in PG(2; q) such that U=K∩C
consists of (q+3)=2 points. Let V = {P1; : : : ; Pm} be the set of all points of K not on
C. Clearly, V is an m-arc. Let Qij, with 16i ¡ j6m, denote the pole of the line PiPj
with respect to C. By Proposition 2.4, the involutory homology ij with centre Qij
which preserves C also preserves U. Let G be the group generated by these m(m−1)=2
involutory homologies. We are going to prove that if m¿3 then G is isomorphic to
S4 and that q2 ≡ 1 (mod 16).
First we show that p is prime to the order of G. In fact, if g∈G were an element of
order p, then g would Hx at least two points of U because of (q+3)=2 ≡ 0; 1 (modp)
and a point on C\U because of (q − 1)=2 ≡ 0 (modp). But no linear collineation of
order p Hxes three non-collinear points.
According to Section 3, G is isomorphic to a proper subgroup of PGL(2; q) not
contained in PSL(2; q). By using the results that we have obtained in Section 3 from
the classiHcation of subgroups of PGL(2; q), we show that the only possibility for G
is G ∼= Sym4 and q ≡ 1 (mod 16).
In fact, G cannot occur as a subgroup of (1), because G contains some involutory
homologies with center in an internal point to C. Also, G is not a subgroup of (3). To
show this, assume on the contrary that 12, 13 and 23 are three distinct involutory
homologies in G. Suppose that 12 ∈Z(G). Then, 1213 is an involution. Since both
12 and 13 induce an odd permutation on C, we see that 1213 acts on C as an
even permutation and hence 1213 has two Hxed points on C, say A and B. Thus, the
line Q12Q13 is the chord of C through A and B. But this is not possible since the pole
P1 of the line Q12Q13 is an internal point to C. Similarly, 13 =∈Z(G) and 23 =∈Z(G).
Since G is assumed to be of type (3), this yields that Q12, Q13 and Q23 are collinear.
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If this occurs, then P1; P2 and P3 are also collinear, a contradiction. Furthermore,
the possibility of (4) is ruled out because we have already seen that G contains no
element of order p. Finally, G is neither isomorphic to Alt4, nor to Alt5, because
both groups are subgroups of PSL(2; q), and the same holds true for Sym4 as long
as q2≡ 1 (mod 16). It only remains to consider the last possibility for q2 ≡ 1 (mod 16),
and prove that then V consists of four points, at most. S4 has two conjugacy classes
of involutory elements: one of them, say I1 comprises 6 elements, the other, say I2
comprises 3 elements. We show that those in I1 induce an odd permutation on C. In
fact, if one—and hence each of them—in I1 induced an even permutation on C, then
the same would hold true for the involutions in I2 as each element in I2 is the product
of two involutions from I1. But this cannot occur since some involutions in G must
induce an odd permutation, as we have noted before. It turns out that the number of
points ij, and hence Qij, is at most six. This yields that m64.
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